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Lotfi Châari1,3, Amel Benazza-Benyahia2, Jean-Christophe Pesquet1 and Philippe Ciuciu3

1 Universit́e Paris-Est, IGM and
UMR-CNRS 8049,

77454 Marne-la-Valĺee cedex, France
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ABSTRACT
Parallel magnetic resonance imaging (pMRI) using multiple receiver
coils has emerged as a powerful 3D imaging technique for reducing
scanning time or increasing image resolution. The acquiredk-space
is subsampled, and full Field of View (FoV) images are then recon-
structed from the acquired aliased data, by applying methods such
as the widely-used SENSE algorithm. However, reconstructed im-
ages using SENSE may suffer from several kinds of artifacts mainly
because of the noise and inaccurate sensitivity profiles. In this pa-
per, we propose an appproach for regularized SENSE reconstruc-
tion in the wavelet transform domain. More precisely, a Bayesian
strategy is adopted by introducing a bivariate prior to model the
complex-valued signal. Experiments on synthetic data and real T1-
weighted MRI images at 1.5 Tesla magnetic field show that the pro-
posed method reduces reconstruction artifacts.

Index Terms— MRI, regularization, sparsity, wavelets, bivari-
ate prior, Bayesian approaches, convex optimization.

1. INTRODUCTION

Since the early 1990’s, parallel Magnetic Resonance Imaging (MRI)
has been recognized as a fast efficient MRI technique. Several data
sets are sampled at a rateR times lower than the Nyquist one along
the phase encoding direction. These data are simultaneously ac-
quired by multiple coils surrounding the object under investigation
with different geometric orientations. The subsampling rate entails
an acquisition durationR times shorter than that required by conven-
tional MRI. This is of particular interest for tracking fast biological
phenomena such as blood flow changes in the brain that accompany
increases in neural activity. However, because of the sub-sampling,
only reduced FoV images are acquired in each coil. The recovery
of the full FoV image is achieved using both all coil images and
sensitivity profiles. This constitutes a difficult task as the collected
data are often corrupted by both aliasing distortions and observation
noise. Furthermore, when the coil sensitivity map is required as a
prior knowledge, its inaccurate estimation may yield to a poor recon-
struction performance. In this regard, several reconstruction meth-
ods have been reported [1, 2]. The pioneering reconstruction method
SMASH (Simultaneous Acquisition of Spatial Harmonics) proposed
by Sodickson and Manning in 1997 [1], operates in thek-space do-
main. A linear combination of coil sensitivity maps is then used to
recover the missing phase encoding steps. However, thesek-space
based methods do not always provide satisfactory results at low ac-
quisition signal-to-noise ratio (SNR). The SENSE (Sensitivity En-
coding) technique has been proposed in [2] as an alternative, which
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relies on a weighted least squares estimation procedure in the image
domain. The considered inverse problem being ill-conditioned, two
kinds of solutions have been investigated. The first one aims at op-
timizing the coil geometry [3] or/and at improving the estimation of
the sensitivity maps [4, 5]. The second class of solutions consists
of resorting to regularization techniques [6, 7]. Indeed, it has been
found that regularization tools allow us to obtain a significant en-
hancement of the reconstructed image quality even at high reduction
factors (e.g.R = 4) and low magnetic field (1.5 Tesla). In a previous
work [7], we have proposed a new regularized technique which con-
siders a sparse representation of the data and performs an efficient
reconstruction within a Bayesian framework. Under severe experi-
mental conditions, this method outperforms the SENSE regularized
methods. In this paper, we aim at improving the performance of our
method. Our contribution is twofold. First, it consists of designing
more realistic (and hence, more accurate) sparse prior distributions
for the wavelet coefficients of the sought image. Second, we apply a
fast optimization procedure of the resulting regularization criterion.
The remainder of this paper is organized as follows. In Section 2, we
briefly introduce the context of our work. In Section 3, we study the
statistics of the complex-valued wavelet coefficient of MRI slices to
deduce a novel bivariate model that we validate. In Section 4, we
describe the proposed regularization method. Experimental results
obtained on synthetic and real data are provided in Section 5. Fi-
nally, some conclusions and perspectives are drawn in Section 6.

2. PARALLEL MRI

Although parallel MRI is a 3D imaging technique, it proceeds with
a slice by slice acquisition to get all the 3D volume, which simplifies
the problem to a two-dimensional one. In what follows, we are only
interested in reconstructing a given slice (2D image).

2.1. Observation model

An array of L coils is used to measure the spin densityρ of the
subject under investigation. The signald̃l received by each coill
(1 ≤ l ≤ L) is evaluated at locationk = (kx, ky)T in the frequency
space (k-space). Ideally, it corresponds to the Fourier transform of
the desired 2D fieldρ weighted by the coil sensitivity profilesl. In
practice, it is corrupted by a zero-mean additive Gaussian noisenl:

d̃l(k) =

∫
ρ(r)sl(r)e−ı2πk

T
rdr + nl(k) (1)

wherer = (x, y)T is the spatial position in the image domain. Gen-
erally, the sampling of̃dl in brain imaging is performed according to
a Cartesian rectangular grid due to its simplicity. In its simplest form,



and due to the separability of the Fourier transform, SENSE imaging
amounts to an inversion problem along a single direction (namely the
phase encoding direction or thex-axis). In parallel MRI, a reduction
factorR ≤ L is considered in order to only register one line overR,
the sampling period being∆x = X

R
whereX is the size ofρ along

thex-axis. Consequently, Eq. (1) becomes:

d(r) = S(r)ρ(r) + n(r) (2)

whereS(r)
△
=




s1(x, y) . . . s1(x + (R − 1)∆x, y)
... . . .

...
sL(x, y) . . . sL(x + (R − 1)∆x, y)


 ,

d(r)
△
=[d1(x, y), . . . , dL(x, y)]T, n(r)

△
=[n1(x, y), . . . , nL(x, y)]T

ρ(r)
△
=[ρ(x, y), . . . , ρ(x + (R − 1)∆x, y)]T,

and dl denotes the inverse Fourier transform ofd̃l with l ∈
{1, . . . , L}. It can be assumed that(n(r))r is a sequence of cir-
cular Gaussian complex-valued random vectors, which are spatially
independent, with zero-mean and an invertible covariance matrixΨ.
The objective is to obtain an estimatêρ(r) of ρ(r) from d(r) at
each spatial positionr.

2.2. Basic SENSE method

The weighted least squares criterion is minimized in the SENSE
method by usingΨ−1 as the weighting matrix, which must also be
estimated. This results in the following classical estimate:

ρ̂WLS(r) = [SH(r)Ψ−1
S(r)]−1

S
H(r)Ψ−1

d(r) (3)

where(·)H stands for the transposed complex conjugate. In practice,
if the matrix SH(r)Ψ−1S(r) is ill-conditioned, the quality of the
reconstructed image is altered. As shown in Fig. 1, at high reduction
factors likeR = 4, aliasing artifacts in̂ρWLS are clearly visible. One
possible solution to circumvent this drawback is to resort to regular-
ization [8, 9]. In [7], we have proposed to carry out the regularization
on the Wavelet Transform (WT) coefficients of the FoV image. In
the next section, we study the wavelet coefficient statistics in more
details and emphasize our contributions.

3. STATISTICAL STUDY AND OPTIMIZATION TOOLS

3.1. Notations

Let T denote the dyadic WT operator. It is associated with a dis-
crete decomposition onto a separable 2D orthogonal wavelet basis
performed overJ resolution levels [10]. The operatorT is applied
to the target imageρ of sizeX × Y and a complex-valued coef-
ficient field ζ =

(
(ζa,k)1≤k≤KJ

, (ζo,j,k)1≤j≤J,1≤k≤Kj

)
is gener-

ated whereKj = XY/4j is the number of wavelet coefficients in a
given subband at resolutionj. The coefficients have been reindexed
in such a way thatζa,k corresponds to an approximation coefficient
at the coarsest resolution levelJ and spatial positionk, ζo,j,k is a
wavelet coefficient oriented either horizontally (o = 1), vertically
(o = 2) or diagonally (o = 3) at resolution levelj and positionk.
The principle of our approach consists of computing a Bayesian es-
timateζ̂ of the field of wavelet coefficients. Then, an inverse WT is
applied toζ̂ in order to recover the reconstructed FoV image.

3.2. Prior selection

In this context, a key issue is the selection of a prior model for the
wavelet coefficients at each resolution level and orientation. As the
latter coefficients are complex-valued, a simple approach is to as-
sume that their real and imaginary parts are mutually independent.
In [7], independent Generalized Gaussian (GG) priors have been
used in order to separately model the distributions of the real and the
imaginary parts of the wavelet coefficients of the sought image. The
related hyperparameters were estimated using the maximum likeli-
hood criterion. Despite its simplicity, this model does not account for
the statistical dependence between the real and imaginary parts. In
fact, kernel statistical tests of independence [11] applied on our ex-
perimental data sets indicate that the hypothesis “the real and imag-
inary parts are independent” is rejected with an error level less than
2%. In this paper, we provide a more accurate modelling by consid-
ering thejoint distribution of the two parts through an appropriate
bivariate prior probability density function (PDF). From the exami-
nation of the joint empirical histograms, it seems more appropriate
to consider the following PDF form:

∀ξ ∈ C, fα,β,γ,p(ξ) = Ce−(α|Re(ξ)|+β|Im(ξ)|+γ|ξ|p) (4)

whereC ∈ R
∗
+ is a normalization constant, and where the hyper-

parametersα, β, γ belong toR
∗
+ andp ∈ [1,∞[. It can be noticed

that the proposed class of PDFs includes those considered in [12] for
denoising purposes as particular cases whenα = β andp = 1.
Note also that a less general model has been used in our previous
work [13] to model jointly real and imaginary parts of the wavelet
coefficients. This model may be derived from the one adopted in this
paper by settingα = β = 0. In practice, the hyperparameters have
been estimated using a Markov Chain Monte Carlo (MCMC) [14]
procedure since the maximum likelihood estimator does not have
a tractable expression, as the constantCf cannot be derived ana-
lytically. For illustration, Fig. 2 shows the empirical histogram of
the coefficients(ζ1,2,k)k, the independent PDF used in [7] and the
adopted bivariate PDF in (4). It is clear that, due to the elliptical
shape, the bivariate model better fits the empirical histogram than the
independent one. For instance, according to the independent model,
some pairs of values of(Re(ζ1,2,k), Im(ζ1,2,k)) have an over/under-
estimated occurrence frequency w.r.t. the empirical joint histogram
and the bivariate model.

3.3. Bivariate proximal thresholding

A fundamental tool in modern convex optimization is the concept of
proximity operator [15]. We recall that, in a given separable complex
Hilbert spaceχ, the proximity operator of any lower semicontinuous
convex functionΦ from χ to ] − ∞, +∞], denoted byproxΦ , is
defined as

∀x ∈ χ, proxΦ(x) = arg min
y∈χ

1

2
‖y − x‖2 + Φ(y). (5)

As shown below, it is possible to give a closed form expression of
the proximity operator of the potential function associated with the
proposed bivariate PDF:

∀ξ ∈ C, Φ(ξ) = α|Re(ξ)| + β|Im(ξ)| + γ|ξ|p. (6)

Proposition 3.1 We have, for everyξ ∈ C,

proxΦ(ξ) = proxϕ

(
softα(Re(ξ)) + ı softβ(Im(ξ))

)
(7)

wheresoftτ with τ ≥ 0 is the real-valued soft-thresholding operator
defined by:∀ξ ∈ R, softτ (ξ) = sign(ξ)max{|ξ|−τ, 0} andproxϕ

is the proximity operator ofϕ = γ| · |p which is given by:



• if p = 1,

∀ξ ∈ C, proxϕ(ξ) =





(
1 −

γ

|ξ|

)
ξ if |ξ| > γ

0 otherwise
(8)

• if p > 1,

∀ξ ∈ C, proxϕ(ξ) =





(
1 −

ν(ξ)

|ξ|

)
ξ if ξ 6= 0

0 otherwise
(9)

whereν(ξ) is the unique non-negative real solution of the

equationν(ξ) +
(
ν(ξ)/(γp)

)1/(p−1)
= |ξ|.

This result constitutes a generalization to the complex case of
[16, Prop. 3.6]. As a consequence, for everyξ ∈ C such that
(Re(ξ), Im(ξ)) ∈ [−α, α] × [−β, β], proxΦ(ξ) = 0, which means
thatproxΦ is a bivariateproximal thresholder[16]. This shows that
the proposed prior distribution should be helpful in promoting the
sparsity of the wavelet representation of complex-valued data. Note
here that the proximity operator corresponding to the less general
prior in [13] can be derived as a particular case of the one given
hereabove.

4. PROPOSED WAVELET-BASED REGULARIZATION

4.1. Principle

The field of wavelet coefficients will be estimated according to the
Maximum A Posteriori (MAP) criterion based on the observationd.
The advantage of considering the WT is twofold. Indeed, when care-
fully inspecting the SENSE-based reconstructed imagesρ̂WLS (see
Fig. 1), artifacts correspond to distorted curves with either very high
or very low intensity, spatially-localized. Therefore, our rationale
is to use an image representation which facilitates the detection of
these undesirable aliasing structures so as to attenuate them in the
reconstruction process. In this respect, the WT has been recognized
as an efficient tool [10]. Besides, the estimation procedure can be
easily conducted within the Bayesian framework since the WT al-
lows us to design tractable prior distributions for the coefficient field
as discussed in the previous section.

4.2. Problem formulation

The MAP estimation of the wavelet coefficients consists of comput-
ing an estimatêζ such that

ζ̂ = arg max
ζ

[
ln f(ζ) + ln g(d | T−1ζ)

]
(10)

wheref is the prior PDF ofζ andg stands for the likelihood of the
observed data. Since the additive noise occuring during the acqui-
sition process is an i.i.d complex-valued circular Gaussian noise,g
can be expressed as:

g(d | ρ) ∝ exp (−G(ρ)) (11)

whereG(ρ) =
∑

r
‖ d(r) − S(r)ρ(r) ‖2

Ψ−1 and‖ · ‖Ψ−1 =√
(·)HΨ

−1(·). We recall thatρ = T−1ζ.

4.3. Iterative optimization procedure

Combining equations (4) and (10) and assuming the independence
of the complex-valued wavelet coefficients leads to minimizing

C(ζ) = G(T−1ζ) +

KJ∑

k=1

Φa(ζa,k) +
J∑

j=1

3∑

o=1

Kj∑

k=1

Φo,j(ζo,j,k),

where
Φo,j(ζo,j,k) = αo,j |Re(ζo,j,k)|+βo,j |Im(ζo,j,k)|+γo,j |ζo,j,k|

po,j

andΦa is similarly defined (once the approximation have been cen-
tered). AlthoughG is differentiable with a continuous Lipschitz-
gradient∇G, the resulting criterionC is not differentiable and its
minimum cannot be explicitly derived. A forward-backward mini-
mization procedure [17] is then employed whose main steps are out-
lined in Algorithm 1. The computation of the proximity operators
involved in this algorithm is derived from Proposition 3.1.

Algorithm 1 forward-backward
1: Initialize ζ, fix the relaxation parameterλ ∈]0, 1], compute the Lip-

schitz constantκ of the gradient∇G and fix the step-size parameter
γ ∈]0, 2

κ
[.

2: while |C
(n)−C(n−1)

C(n−1) | > ε do

3: ζo,j,k ← ζo,j,k + λ
(
proxγΦo,j

(ζo,j,k − γ[∇G(T−1ζ)]o,j,k)−

ζo,j,k

)
(at each iterationn, updateζa,k similarly)

4: end while
5: return ζ

5. EXPERIMENTAL RESULTS

5.1. Synthetic data

A first set of experiments was carried out on synthetic data. The
complex-valued observations have been generated according to the
SENSE acquisition model in (2) from a known reference imageρref ,
usingL = 8 coils and i.i.d circular Gaussian noise with zero-mean
and varianceσ2. Data have been simulated usingΨ = σ2I8 for
different values ofσ2 whereI8 is the8×8 identity matrix. We have
used the Symmlet 8 wavelet basis overJ = 3 resolution levels. In
order to validate the choice of the bivariate prior, we have resorted
to the Kolmogorov-Smirnov test of fit. It indicates a valid prior bi-
variate model for almost all subbands. Table 1 gives the values of
the resulting signal-to-noise ratiosSNR = 20 log10

( ‖ρref‖2
‖ρref−ρ̂‖2

)
of

the reconstructed imagêρ for the univariate and the bivariate prior
models at different noise levels.SNR values indicate that the best
accuracy of the reconstruction process is achieved by the bivariate
model for which significant quantitative improvements are obtained
w.r.t the univariate model and the SENSE approach. This corrobo-
rates the fact that the real and imaginary parts are statistically depen-
dent.

5.2. Real data

The second round of experiments was conducted on T1-weighted
anatomical images of in-plane dimension 256× 256 and 0.93×
0.93× 8 (mm) spatial resolution. A Signa 1.5 Tesla GE Healthcare
scanner has been used withL = 8 head-coils. The reduction factor
R = 4 can be considered as high for such a low magnetic field. We
kept the same wavelet basis and prior models as in the experiments
on synthetic data. The Kolmogorov-Smirnov test of fit was also used
to validate the matching of the proposed model. Fig. 3 illustrates
an example of reconstructed images (a zoom) using WT regular-
ization with the independent (middle) and the proposed bivariate
(right) models, in addition to the SENSE-based reconstruction (left).
We can notice that aliasing artifacts appearing in the SENSE-based
reconstructed image are considerably smoothed. Comparing with
the independent model, the proposed method gives a better recon-
struction quality: some of the aliasing artifacts are better smoothed
when the bivariate model is used. Table 2 gives theSNR values for
three reconstructed slices and shows that the reconstruction quality
is improved with the bivariate model when compared with SENSE



and the independent one. Note thatSNR values have been com-
puted using a reference image reconstructed with a non accelerated
acquisition (R = 1). After this SNR statistical analysis, we need
to mention that it is pretty difficult to state a clear correspondance
between the SNR improvment and the artifact removal. Note that
the real MRI dataset, which has been acquired at 1.5 Tesla, is made
up of a single volume. However, on the same scanner at 1.5 Tesla,
we have also validated our approach on functional MRI data. The
fMRI dataset is composed of 30 volumes acquired every 2.4 seconds
each and has been acquired during resting-state (subject lying on
the bed with eyes closed), which means with no external stimu-
lation. BOLD signal analysis showed that the proposed approach
gives almost constant signal, in contrast to SENSE or Tikhonov
reconstruction.

6. CONCLUSION

In this paper, we have proposed a wavelet-based method for image
reconstruction in parallel MRI through an efficient Bayesian frame-
work based on a suitable bivariate prior. The proposed approach can
be extended to functional MRI data reconstruction to enhance ac-
tivation detection for high reduction factors. It can also be applied
to other image regularization problems dealing with complex-valued
data.
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Fig. 1. Aliasing artefacts in the reconstructed image using the basic
SENSE algorithm withR = 4.

Fig. 2. Joint 2D empirical histogram(ζ1,2,k)k (left) and PDFs of the
independent (middle) and bivariate (right) models.

Fig. 3. Reconstructed images using SENSE (left) and the WT reg-
ularization with the independent model (middle) and the proposed
bivariate one (right) forR = 4.

Table 1. SNR (dB) evaluation for synthetic data.
P

P
P

P
P

PP
σ

SNR
SENSE Independent model Bivariate model

8 17.68 21.10 21.27
14 12.77 19.08 19.45
20 9.80 17.40 17.77

Table 2. SNR (dB) evaluation for real data.

SENSE Independent model Bivariate model
Slice 1 14.15 14.30 14.62
Slice 2 12.19 12.90 13.15
Slice 3 11.49 12.06 12.40


